Solutions of the equation of a spinorial 
Yamabe-type problem on manifolds of bounded 

geometry 



We consider a spinorial Yamabe-type problem on open manifolds of 
bounded geometry. The aim is to study the existence of solutions to the as- 
sociated Euler-Lagrange-equation. We show that under suitable assump- 
tions such a solution exists. As an application, we prove that existence of 
a solution implies the conformal Hijazi inequality for the underlying spin 
manifold. 

1 Introduction 

Let (M, g, a) be an n-dimensional connected Riemannian spin manifold with 
corresponding classical Dirac operator D = Dg. The spin structure a is sup- 
posed to be fixed. 

The Dirac operator has a similar behaviour under conformal transformations as 
the conformal Laplacian, that is used to analyze the Yamabe invariant, see e.g. 
[13]. Thus, in the spirit of the Yamabe invariant, a conformal invariant of the 
Dirac operator, called A^-„ was examined in [1, 2]. In [11] we generalized these 
considerations to open manifolds. 

Many of the properties of the Yamabe invariants could be proven for A^jj„ as 
well, e.g. the value for the standard sphere is the highest possible one, cf. The- 
orem 6. But other questions are still open, e.g. whether there exists closed spin 
manifolds, not conformally diffeomorphic to the standard sphere (with the same 
dimension) but with the A^j„ -invariant of this standard sphere. 
The methods that can be used are sometimes similar to the ones of the Yamabe 
invariant, but since we work with spinors there is e.g. no maximum principle. 

Firstly, a definition of A.^^^^ is given by: 
Definition 1. 



MSG: 53C27, 53A30, 35R01 

Keywords: spin conformal geometry, open manifolds with bounded geometry, PDE 
Acknowledgement: The main part of this work during the author's stay at the university 
of Regensburg. The author wants to thank Bernd Ammann for many fruitful discussions. 



Nadine GroBe 



Abstract 




with Qcrit = i^fi and (M, S) denotes the set of compactly supported smooth 
spinors. 

For g = (/ G C5°q(M)) and (f) = f ~ (f) (using the identification of spinor 
bundles w.r.t. conformal metrics [12, Sect. 4.1]) we liave J j^{Dg(j),(j))A\o\g = 
J^{Dg^,^)dyolg and /^|D,</.|9-"dvol, = |£>^^|9-"dvo%. Thus, A+,„ is 
actually a conformal invariant. 

If it is clear from the context to which metric we refer, we will shortly write 
A+i„(M). 

The corresponding Eulcr-Lagrangc-equation is 

^'/> = A+,j<^r="*-2,^ with = 1, (1) 

where Pcrit = ;^rr) [1j Lem. 2.7]. On closed manifolds, the existence of a so- 
lution of (1) was shown in [1, Thm. 1.6.] for A+ .„(M) < A+i„(S'") using the 
compactness of the subcritical Sobolev embeddings. 

On open manifolds, such Sobolev embeddings do not exist in general or if they 
exist, they aren't always compact. 

The aim of this paper is to prove the existence of a solution under suitable as- 
sumptions. The idea is to adapt techniques we used in [10] to prove the existence 
of a solution of the Yamabe equation to the spinorial case. We will use weighted 
Sobolev spaces, where compactness holds for manifolds of bounded geometry, 
i.e. manifolds where the injectivity radius is positive and the curvature and its 
derivatives of all orders are bounded. The weighted Sobolev embeddings for the 
spaces of spinors can be found in Appendix A. 

Theorem 2. Let {M",g,a) be an open connected Riemannian spin manifold of 

bounded geometry satisfying A^j^(M) > ^mini^)- Moreover, we assume that 
there is an L^'^""*''!""*'^'^^ -lower bound for an e > 0. Then there exists a spinor 
(j) G Hi""' n LP""' smooth outside its zero set and with Dcf) = A+i„|^|f<="*-^0 
and ||0||p„^jt = 1. Moreover, (p is locally in C^'". 

Here, A^^„ denotes an invariant of the manifold at infinity, see Def. 7. 

Definition 3. We say that there is an i'-lower bound, if there exists a constant 
Cq > such that 

u\u<cm\\q 

for all (j) e Hf nim.Lq(D) where imLq{D) denotes the image of D : L'^ ^ L'^ . 
Moreover, if there is an -lower bound for all q e [g, ?'], we say that there is 
an LI''' -lower bound. 

Remark 4. Note that although we call it a lower bound we allow L^-harmonic 
spinors. 

We will prove Theorem 2 in Section 3 by considering corresponding weighted 
subcritical problems. There, the L'^-lowcr bounds will ensure the positivity of 
Ag, see Lemma 11. 

Question. It would be nice to see whether having an L'^-lower bound implies 
an il'J'^+'^l-lower bound. Or whether invertibility of the Dirac operator acting 
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on L"? and irriLgD, respectively, is an open property in q7 

One knows e.g. that the L^'-spectrum of the standard Laplacian is independent 
of p if the Ricci curvature is bounded from below and the volume has subexpo- 
ncntial growth (cf. [16] or [6]). Maybe one can hope for a similar result for the 
Dirac operator. 

The assumption on the A^j„-invariant at infinity can be dropped when consid- 
ering homogeneous manifolds of positive scalar curvature, see Theorem 16. 

As an application we show in Section 4 that existence of a solution of the Eulcr- 
Lagrange equation implies the conformal Hijazi inequality, an inequality that 
compares A^^„ with the Yamabe invariant Q, cf. Section 4: 

Theorem 5. Let {M"-,g,(j) he an open connected Riemannian spin manifold 

of bounded geometry with an L^'^""*''!""*^'^^ -lower bound for an e > 0. Moreover, 
either let X'^-^(M) > A^jj„(Af) or let M be homogeneous with positive scalar 
curvature (cf. Theorem, 16). Then, 

KniniM,g,af>^^—^^Q{M,g). 

The outline of the paper is as follows: First we collect in Section 2 some proper- 
ties of A^jjj . In Section 3 we will prove the Theorem 2 introducing corresponding 
weighted subcritical problems. In the last section we show that the existence of 
a solution of the Euler-Lagrange equation of A^-„ ensures that the conformal 
Hijazi inequality holds for the underlying manifold. 

The weighted Sobolev embeddings needed in Section 3 are explained in the 
Appendix. 



2 Preliminaries on A^^^ 

We shortly collect known properties of A^ j„ : 

Theorem 6. [11, 9] Let fii C ^2 be open subsets of {M,g,a) equipped with 
the induced metric and spin structure. Then, 

n 1. 

A+i„(M) < A+,„(f72) < A+,„(f7i) < A+,J5") = -uj^i, 
where is the standard sphere with volume a;„. 

We will further need the notion of the Yamabe invariant at infinity. With the 
help of this invariant one can ensure convergence of a minimizing sequence in 
the critical problem. 

Definition 7. [11, Def. 1.3] Let M be open, connected and complete. Fix 
z G M. Denote by Br c M the ball around z with radius R w.r.t. the metric 
g. Then, 

^LniM,g,a) := lim A+„(M \ 5,^, 5, a), 
it— ^00 

Existence of the limit follows from Theorem 6. Moreover, the definition is 
independent of the choice of z and we have A^^„(M) > A^j^(M). 
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3 The weighted sub critical problem 



In this section, we will prove Theorem 2. 

Strategy. The method itself is similar to the one we used for the Yamabe 
equation [10] but the proofs of the steps themselves have to be adapted to the 

A^jj^j-invariant involving the Dirac operator. 

The main idea is again to consider a weighted subcritical problem, see Definition 
8. 

Firstly, in Lemma 13 we prove the existence of a solution to the weighted sub- 
critical problem, see Def. 8 for a > and q > Qcrit- Then, convergence is 
obtained in a two-step process: In Lemma 14, a solution of the weighted critical 
problem {a > 0, q = qcrit) is obtained. After that, we obtain in Lemma 15 a 
solution to the (unweighted) critical problem (a = 0, q = qcrit)- 

We fix a point z € M . Let p 6 C°°{Ad) be a radial (w.r.t. z G M) and admissible 
weight, cf. Def. A.l, such that \p\ < 1, p{x) — ?■ as r = dist{x,z) — ?■ oo. We 
choose p ~ e~'^, see Rem. 23. ii. 

Definition 8. Let 
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= X'^{M,g,a) := inf I "^^^ Jj'^ S C^iM,S), {D<t>,<l>) > \ 

where a > and q E [qcrit = 2). Moreover, Xq := A^"°. 
Note that A+,„ := A^=°. 
Remark 9. 

i) If we decompose C^{M,S) 9 (t> = (pi + 't^k such that 4'k € kerj,? D and 
(j)i G iniLiD, we obtain 

\\p-"Dm _ \\p-''D<f>i\\l _ \\p-'^Dct>i\\l _ \\p-"D<l>i\\l 



{Dcf>,cf>) {D<f>i,<P) {<PuDcj>) {<Pi,Dcj>i) ■ 

Thus, for complete manifolds we can also take the infimum over all spinors 
(f) G iniL'.D n p°'LP n p-°'Hf. 

ii) The Euler-Lagrangc equation reads 

D{X'^(l3 - p-°"'\D(j)\''-^D(l)) = with \\p-°'D(j)\\g = 1. 
As in [1, Lem. 2.7], we obtain a dual equation by setting ip = p~"^|£)(/)|5~^Z)(/): 

= A«p«f ivr-^v with = 1- 

iii) Instead of considering the above invariants, we could replace the denomina- 
tor by the absolute value of the former expression, i.e. \{D(i>,<p)\, and allow all 
(p with (Dcj), (f>) ^ 0. For the corresponding invariant everything below works as 
well. These invariants might be in general smaller than the corresponding A^. 

Lemma 10. 

i) For a < (3, X" < X^ . Moreover, limc^o X^ = Xq. 

ii) X° > limsupg^, A^ 
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Proof. 

i) Prom < p < 1, we obtain ||/9-"D(^||g < \\p-fD(t)\\q for a < 13. Since is 
always non-negative, A^ < A^ and Viuva^Q A^ > Ag. Since Imva^Q \\p~°'D(j)\\q = 
\\D<f)\\q, we obtain liniQ^o = Ag. 

ii) Since ^- Hp-^i^^llg for s ^ q. We have A^ > Hmsup^^g A". □ 

Next, we show that under suitable assumptions we can ensure the positivity of 

A.: 

Lemma 11. Assume that the Sobolev embedding Hi ^ p'^U' is continuous 
where q and p are conjugate, 2 < p < p^rit = and a > 0. Moreover, let 
there be an L'^ -lower bound. Then, A" > 0. // there is an e > such that the 
Sobolev embedding from above is continuous for all q G [qcrit i Qcrit + e] and there 
is an L^9crit,qcrit-\-e] .[Qyjgj. i)ound, then lim sup^^^^^ Ag > 0. 

Proof Let (p e irriLiD n p-'^Hf. Then, 

{D^,(^)<\\p^^p\\p~"DcP\U 

< C„,g(|l0||g + p(/.||g)||p-"i?0||g < g 1 1 p" " I)<^ 1 1 ^ 

where the first inequality is the Holder inequality, the third one is given by the 
Sobolev embedding and the last one is obtained from the i'-lower bound and 
IpI < 1. With Remark 9.i, we obtain A^ > 0. 

With the additional assumptions and since Ca,q depends continuously on q, we 
obtain analogously the second claim setting a = 0. □ 

Remark 12. In particular. Lemma 11 gives a simple proof of the fact that 
on closed manifolds A^^„ is always positive [2, Lem. 4.3.1(1)]. With Theorem 
21 we have the continuity of the above embedding on manifolds of bounded 
geometry. Thus, for manifolds of bounded geometry with an L'''^''" -lower bound 
X'^in always positive. 

For a general manifold, A^j„ can be zero, e.g. if a complete spin manifold 
of finite volume has a positive element in the essential spectrum of its Dirac 
operator [8, Lem. 3.3.iii]. 

We come now to the weighted subcritical problem. 

Lemma 13. Let the weighted Sobolev embedding Hf ^ p"LP be compact for 
a > 0, 2 < p < Pcrit = ;^rr o,nd let q be conjugate to p. Furthermore, we 
assume that there is an L"^ -lower bound. Then there exists a spinor (p e Hf with 
D(j) = Xqp"'P\(f)\P~'^(j) o-nd \\p°'4'\\p = 1- Moreover, (p is smooth outside its zero 
set. 

Proof. Prom Lemma 11, we obtain that A" > 0. Let (pi be a normalized min- 
imizing sequence for A", i.e. ]\p~"D(pi\\q = 1 and {D(pi,(pi) — > (Ag)~^. Due 
to Remark 9.i we can assume that <pi G p'^Hf n iniLiD C Hf. Since \p\ < 1, 
||-D?!>i||g < 1. Due to the L'^-lower bound, cpi is uniformly bounded in Hf. Hence, 
(pi ^ (p weakly in Hf and, with the compact Sobolev embedding, even strongly 
in p^LP. Moreover, since D(pi is bounded in p^^L"^, p~"D(pi converges weakly 
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in LI to p-"D(j). Then, < 1 and 

\{D<i>,4>)-{Dcl,u4>i)\ < \{p-''Dcf>-p--Dct>i,p"<P)\ + \{p-''D<PuP''<t>-p''<f>i)\ 

< \{p^" Do - ir" Do,. i>'\:>)\+ - //'o,||p \\p^"D(l)i\\q. 
^ ^ ' ^ , , ' 

m-p-oiLV s-p^LP =1 

— since Dipi ^Drfi -^0 since tj>i r<p 

Hence, (-D0, 0) = (A^ )~"^ > and we have 

« - {Dcf>,cf,) -^^oo (Dcb^cf,,) « 

which ahcady imphcs that ||p^"D(t)||fy = 1. Thus, hdfills the Eulcr-Lagrange- 
equation and due to Remark 9.ii we obtain a spinor tp e Hf with Dtp = 
XgP°'P\'ip\P~'^'ip with ||p"V'llp = 1- Smoothness outside the zero set follows from 
local elliptic regularity theory. □ 

Now, we establish the first step of the convergence , we fix a and let p PcHt- 

Lemma 14. Let (p^.p € he solutions of D(l)a^p = p'^^\(pa.p\''^'^4>a.p with 
\\p°''Pa,p\\p = i, cx > is fixed, p G [2,pcrit) and q conjugate to p. Furthermore, 
let M have bounded geometry, A^j„(S'") > A^^^.^(M) and let D have an L''- 
lower bound. 

Then, 4>p := 4>a,p <Pa in the -topology on each compact subset as p ^ PcHt 
and 

D.^„ = A«^,^p~i.^„r"'-2</,„ 

and \\p"(f)a\\pcrit = 1- 

Proof. Note first that the parameters p and q are always coupled. Thus, if 

q ^ qcriU P ^ Pent- 

Prom Lemma 33, we know that each \(f)p\ has a maximum. Firstly, we show 
by contradiction that nip := max|(/)p| is uniformly bounded. Thus, we assume 
rup — >■ oo. Let a;p e M be a point where attains its maximum. Around 
each Xp, we introduce geodesic normal coordinates on a ball of radius e that is 
smaller than the injcctivity radius inj(M), compare [10, Lcm. 11]. We define 
5p = mp~P and rescale tpp{x) = (j)p{dpx) . The spinor tpp is transported to a 
spinor on a ball on M" via the exponential map. For simplicity we just denote 
the resulting spinor by tpp, too. The weight function in the new coordinates 
will be denoted by pp. Then, in the resulting rescaled geodesic coordinates the 
Euler-Lagrange-equation reads 

ijk ij 

where ipp is defined on a ball in R" of radius j- and 

l4{x) = 5i - ^5lRi^pj{5px)x''x^ + Oi5l\xf) ^ Sj 
T'ljix) = d^b'; - \6p{Rik^,{5px) + R,^kj{5px))x^ + 0{6l\x\^) ^ 



(2) 
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as 5p ^ (i.e. as p ^ Pcrit)- 

Here we used the local comparison of a Dirac operator with the one of the 
standard Euclidean space [3, Sect. 3 and 4]. 

Since the Ricmannian curvature and its derivatives are bounded, we have C^- 
convergence of (2) on any compact subset of R". Thus, for any compact subset 
K and an open set fl with c il C K" we obtain with interior Schauder 
and L^-estimates (sec [2, Sect. 3.1.5 and 3.2.2]) that ipp 'ip in on K. 
Thus, we have a spinor iP on R" with D^"iP = (limp^p^^,, p^P—* X'^)\ip\P-"*-^ip. 
Moreover, < 1 with \tp{0)\ = 1. As in the Yamabe problem, we prove that 
llpcrit.sE < 1: For p < p^u we have 



/ l^pl^dvolg, = / I^pIV-^ "dvol, 

J\x\<e5~'^ JB^Xp) 



g 



<C{e)U,rHl<C{e)m4P = C{e){X'^r 

where fepdvolg^ denotes the transported volume element with 6p — > 1 as p — 5- 
Pcrit J we used the Sobolev embedding on B^{xp) (its constant only depends on e 
since M is of bounded geometry) and we used the i'-lower bound. Thus, with 

Fatous Lemma we obtain ijj e LP''"*{gE)- 

Consider firstly the case that Xp espape to infity as p — > Pcrit- Then pp 
and, hence, ■0 = 0. Thus, we have an i^'"''" -harmonic spinor on K" with 
10(0)1 = 1 which is a contradiction. Thus, we can stick to the case that Xp — >■ 
y e M. Then, for ei < e 

/ |0p|f6pdvolg^ < max / p^fl^plf^J^"" dvol^ 

<(5^"" max < max 

With Fatous Lemma we obtain HV'Up^^it.gE < max^^ (^y-^ p~°' . Since e\ can be 
chosen arbitrarily small we have ll^llp^^it.gE < /9-"(2/). Thus, 



which gives a contradiction. Thus, l^a | is bounded from above. Using again inte- 
rior Schauder and L^'-estimates, we can then show that 0^ is uniformly bounded 

in C^'"^ on each bounded subset and, hence, converges in on every compact 
subset if c M to a spinor Thus, we have D(j)a < A^^^.^p"*''^'''* |(/)a|^°''''~^0a 
and ||p"0a||p<3wt < 1- 

We still need to show that ||/o"0q Upcrit = 1- 

Assume that 0a = 0. Fix R> and let Bn be the ball of radius R around the 
fixed z G M (cf. Definition of p in Section 3) we obtain that 



/ 



|I)0prdvolg < max p"«||p-"I)0p||« < Ce-^"«(A^)«. 
M\Br m\Br 



With 

(D0p,0p) 
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we then get 

/ |Z?0p|«dvolg = / |i?0p|«dvol<, - / |i^0p|«dvolg 
Jbr Jm jm\Br 

> (A«Ag)3 -Ce-«"''(A^)« 

and ,thus, 

limsup / |L'(/)p|«dvolg > (A^^^^^ limsup A,)^ - Ce"^""?-" (A^_J9<="' =: a 

From Lemma 11 we know that Umsup^^g^^.^ Ag > 0. Thus, R = R{a) can be 
chosen big enough, that a > 0. But with 

/ |Z)</.p|«dvolg < f / li^^pl^-MvolgV'"' vo1(Bk,5)'"^ 

JBr \JBr J 

this contradicts the assumption that t^p goes to zero on compact subsets. Thus, 
and we obtain with 



in the usual way that ||p"0a||perit = 1 and = A^^^.^p"P="* |</'a|^°"*"^?5'a- □ 
Lastly, we get rid of the weight as a ^ 0. 

Lemma 15. Assume there is a sequence of smooth and positive spinors (pa G 
iff"' fulfilling D<f>a = Xl^^^p^P^-^lcPal^^^'^-^a with ||p"<^a||p,„, = 1 and 
a > 0. Then, <pa ^ (j> as a ^ in on each compact subset and D<p < 

If additionally A+.„(M) > A+.JM) > 0, then Uh^^,, = 1. 

Proof. The first claim is proven as in Lemma 14 and we obtain that (pa 4> ^ 
a — >■ in on each compact subset with D(j) < A^j„|(/)|P~^(/). 
Let now A+„(M) > A+„(M). We need to show that = 1. 

Assume that (pa converges to 0: 

We introduce a smooth cut-off function tjh < I with support in M \ Bji{z) for 
the fixed z&M,r]R = lonM\ B2R. Then, 



/ |D(r?K<^„)|«-"dvolg - / |«-«dvolg 

'M\Ba Jm\Br 



for a -)■ 
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since in on each compact set. Hence, with Z?^^) = ^g^^^ we get 



|2 



= A+,„(M\i3fl) lim / (1-7?|) D0„)dvolg 

= A+,„(M \ B«) Um A« (l - / (1 - |<Aa r-"dvol,) 

= A+,„(M\Sh)A+,„(M) 

where the first and last equality use Lemma lO.i. Since A^^„ > 0, this implies 
^mini^) ^ ^tiini^ \ ^r) which gives the contradiction. 

Thus, ||0||p,„, > 0. With D4, < X:!;,iJ<p\P-'"'-^(l> and U\\p,^,, < 1, we obtain 

The equality implies UWp^^.t = 1 and Del) = A+ □ 
Combining the Lemmas above, we obtain: 



Proof of Theorem 2. Firstly, wc note that from A^jjj(Af) > X'^-^iniM) wc obtain 
-^mm('^") > -^mm(^)- Thus, with Lemma 10. i there is an ao > such that 
^tiiniS ) > Xq^^^^{M) for all a e (0,ao). Moreover, Lemma 11 states that 
A^j„(M) > 0. Hence, we can combine Lemma 13, 14 and 15 to obtain Theorem 
2. The local C^'"-regularity of the solution follows as in the compact case 
[2, Sect. 4.4] by the standard backtracking argument and L^- and Schauder 
estimates (cf. Remark Sl.iii). □ 

As in the case of the Yamabe invariant [10, Thm. 13], in order to drop the con- 
dition on the A^j„-invariant at infinity we can consider homogeneous manifolds 

with positive scalar curvature: 

Theorem 16. Let (M, g, a) be a Riemannian spin manifold. Furthermore, we 
assume that its Dirac operator has an L^i^"*''^''"*'^'^^ -lower bound for an e > 0, 
seal > c > and that there exists a relatively compact set U CC M such that 
for all X € M there is an isometry f : M M with f{x) G U. Then there 
is a spinor ^ G jj^cm p j^pcru ifig^i ig smooth outside its zero set and fulfills 
D(j) = A+^„|(j!)p="*~^(^ and ||0||p„^„ = 1. Moreover, (p is locally in C^'". 

Proof. Due to the isometries, M has bounded geometry. Thus, the Sobolev 
embeddings Hf p^LP are compact for q e (9critj2], q conjugate to p and 
a > 0. Hence, we can apply Lemma 13 and obtain solutions € Hf of 
£></.„,p = A«p«f and Wp-^c^aAp = 1- 

We choose a{p) such that Ag*-^-* — Ag ^ and a{p) ^ as g — > qcrit- Due to 
Lemma 10. i this is always possible. In the following, we abbreviate a = a{p). 
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As in the proof of Lemma 14 we obtain that a subsequence of (j)p := 4'a(j>),p 
converges to in C^-topology. 

Lemma 33 shows that every \(f)p\ has a maximum. Due to the isometrics we can 
assume that max|(/>p| = \(l>p{xp)\ where Xp £ U. Then, we have 

Taking the real part of the scalar product with (pp we obtain using (df-cj), (p) S iR: 
With -^A\<j)p\^ + {<i)p,A(l)p) = |A0p|2 and A\(t>p{xp)\^ > we get 

{x-j'p''^^{xp)\Mxp)f('-'^ > '-2^\cppixp)\' > '-\M^p)f. 

Since p < 1, 

Thus, with limp_>p^^.j = limp^p^^,^ A^ > A+^„ and A+j„ > 0, cf. Lemma 11, 
we get 

) > ^(A+,J- 

where x € U is the limit of a convergent subsequence of Xp. Hence, ll'/'Up^^it > 
and, thus, as in Lemma 15 we have D(f> = A^j^|(/)|^"''"~^(^ with ||</'||perjt = 1. 
Local C^'"-rcgularity follows as in Theorem 2. □ 

Example 17. Let M = x R for n > 2 be equipped with the standard 
product structure and its unique spin structure. Then, M is homogenous and 
has positive scalar curvature. In order to apply Theorem 16 one has to show 
that M has an Ll^'^'-'t'^'^'-'t+'^Llower bound for a small e > 0. Assume that M 
has an i*-harmonic spinor (f) fov q G [qcrit^Qcrit + e] then due to the Sobolev 
embedding gives that (f> is already an L^-harmonic spinor which cannot happen 
since M has positive scalar curvature. Thus, it remains to consider the essential 
L'-spectrum. It can be checked that the Dirac operator in this example is 
invertible for all q and, thus, a minimizing solution is obtained. 

In the remark below we want to examine open manifold which are spin confor- 
mally compactifiable by codimension greater or equal two. We want to study 
how the solutions on the manifold and its compactification are related. 

Remark 18. Let (M, g, a) be an open connected Riemannian spin manifold 
that is spin conformally compactifiable to a closed Riemannian spin manifold 
(A'', h,^), i.e. there a conformal embedding f : M ^ N that is compatible with 
the spin structures. Assume that S := N\ f{M) is a compact submanifold of 
AT of codimension > 2. Then, A+„„(Ar) A+,„(M) =: A (see [11, Lem. 2.1] for 
codimension > 2 and [9, Lem. 3.1.1]). On A'' the Euler-Lagrange equation has 
at least one solution (/> s ff'!"^'* of 

z)</. = Ai0i^'— 2</, \mp^^,, = i 
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that is C^'" and smooth outside its zero set. Since the Euler-Langrange equation 
including the L^^*^" -condition is conformahy invariant, each solution (f> on N 
gives a solution f*{(f)\J^^,^) on M. 

On the other hand, let t/j be a solution on N. Then, = f*{ip) is a solution on 
/(M) just by conformal invariance. Due to [4, Thm. 3.1] we can remove the 
singularity in S and (j) fulfills the Euler-Lagrange equation on M. This showed 
that we have a one-to-one of solutions on M and such on A''. 



4 Conformal Hijazi inequality 

On closed manifolds, the Hijazi inequality gives an estimate for eigenvalues of 
the Dirac operator in terms of the lowest eigenvalue of the conformal Laplacian 
L = 4^A + scal: 

Theorem 19. [12] Let {M'^,g,a) be a closed spin manifold of dimension n. 
Let further A be an eigenvalue of the Dirac operator and fi the lowest eigenvalue 
ofL. Then 

The conformal Laplacian is highly related to the Yamabe invariant Q: For closed 
manifolds with Q > we have 

g(M,<?)=_inf u(5)vol(M,5)*, 
se[s] 

where [g] denotes the conformal class of g. An analogous result holds for A^^^ 
on closed manifolds [1, Prop. 2.6]: 

K.in{M,g,a) = inf A+(5)vol(M,5)^, 
se[s] 

where X^i^) is the first positive eigenvalue of the Dirac operator w.r.t. the 
metric g. Thus, there is a conformal version of the Hijazi inequality on closed 
manifolds: 

Knini.M,g,af>^^^^Q{M,g). 
Note that only the left side of the inequality depends on the spin structure. 

In [8], we examined whether the Hijazi inequality on complete open manifolds 
holds when one replaces the eigenvalues by elements of the corresponding spec- 
tra. There we saw that for general open manifolds there is no hope for an Hijazi 
inequality, the standard hyperbolic space gives a counterexample [9, Rem. 4.2.1.] 

since At(H") = ^^^^ > but A+(H") = 0. That is why we restricted in [8] to 
complete manifolds of finite volume in order to obtain an Hijazi inequality on 

those manifolds. 

But the conformal Hijazi inequality is e.g. also valid for the hyperbolic space 
since Q{W) = Q(S'") and A+i„(H") = A+^„(S'") since H" is conformally equiv- 
alent to a subset of the standard sphere. Thus, there is hope for the conformal 
Hijazi inequality to hold more generally. 

Below we will show that if there is a solution of the Euler-Lagrange equation, 
the conformal version of the Hijazi inequality holds: 
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Theorem 20. Let {M, g, a) he a complete n-dimensional Riemannian spin man- 
ifold with n > 3. Moreover, assume that there exists a spinor <p € Hl{M,S) fl 
LP{M, S), smooth outside its zero set, with p = and q conjugate to p such 
that it is a weak solution of = X\(j)\P~'^(p and \\^\\p = 1. Then, 

In particular, if (p € kerLvD n Hi, then Q < 0. 

Proof. Wc define a = -^Trrf • We note that due to the unique^ continuation prop- 
erty of the Dirac operator the zero set of (p has zero n-dimensional volume. 

I ( / |</.ra.dvol,) ' - / l^l-dvol, 

<- [ |0|"L|^|"dvol, - / H2(f-2)|<^|2"dvol, 

Jm \n-l 2 

+ (^-^A2|</>p(f-2)) |<^|2)dvol. 

Using id*d|0|2 = {D'^(f),^) - ^\(l>f - |V«!)|2 and |V.^|2 = |V/?!>|2 + 2|((D - 
f)(l),(f)) + ^Icpl'^ with / = A|</.|2(f-2), we obtain 

where we used the refined Kato inequality [5, (3.9)]. 

These estimates imply that |(;i|"-L|(;i|"dvolg < oo. □ 
Theorem 5 is now just a combination of the Theorems 2, 16 and 20. 

A Sobolev embeddings 

Let be a hermitian vector bundle on a Riemannian manifold {M,g) with 
connection V. Denote by Tc{E) the compactly supported smooth sections of E. 
Define for u G Tc{E) 

\\u \H^{E)r = I V^uRvol, (3) 

J=0 j times 

and Hf{E) as the completion of Tc{E) with respect to this norm. 

On closed manifolds M", the Sobolev spaces do not depend on the metric on 

M and the connection on E. Sobolev embeddings on hermitian vector bun- 
dles can then be examined by the following procedure: One uses the known 
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Sobolcv cmbccldings for complex-valued fimetions on M" and generalize them 
to C-valued functions on M". This generalization follows immediately since 
11/ = {h,...,frV \HP{R", ~ ELoll/i cf. Lemma 26. Then, 

one uses a finite covering of M with a corresponding trivialization of E to get 
a Sobolev embedding for E. 

On open manifolds, in general there is a dependence on both the metric and the 
connection. We will concentrate on bundles of bounded geometry, i.e. the man- 
ifold itself is of bounded geometry and the curvature of E and all its derivatives 
are bounded as well. 



In [15], continuity and compactness for weighted Sobolev embeddings were stud- 
ied for Sobolev spaces of real valued functions. We will need the same result 
for Sobolev spaces of bundles, especially the compactness of the embedding 
Hf{M, S) M- pLP{M, S) on spinors for q and p conjugate, p a radial weight (see 
A.l) and 2 < p < pcrit = • In this Appendix, we want to use the result from 
Skrzypczak [15] to obtain the following theorem (or more generally a bundle 
version of Theorem 24): 

Theorem 21. Let {M,g) be an n-dimensional manifold with an hermitian vec- 
tor bundle E of bounded geometry (e.g. if M is a spin manifold, let E be 
the corresponding spinor bundle). Let p be a radial weight with p ^ as 
\x\ 00. Then the Sobolev embedding Hf{E) ^ Lp{E) is continuous and 
Hf{E) M- pLP{E) is compact for all2<p< pcrit = ^ o^^d ^ and ^ > 

If one is just interested in continuous embedding, it is much easier to carry 
over the local results to manifolds of bounded geometry by chosing a suitable 
covering as it is indicated in Corollary 32. 



A.l Weighted function spaces 

Definition 22. [15, Def. 2+4] A function w : M" (O.oo) is called an 

admissible weight if 

i) w is infinitely differentiable and 

a) the quantities 

w{y) |V'=«;(a;)| 
:= sup sup —r^, c^,fe := sup — — 

are finite for all G Nq . 

If additionally there is a positive function k : [0, oo) — >■ (0, oo) and a point 
xo & M such that w{x) ~ K{dist{xo,x)), the weight is called radial w.r.t. xq. 

Remark 23. 

i) The equivalence relation a ^ b means that there exists a constant c that is 
independent on the context dependent relevant parameters such that c~^a < 
b < ca. 

ii) An example of a radial weight is given by w{x) = e"*" with a G M and 
f ^ r = dist{x, xo) is a smooth substitute for the distance function [14, Lem. 
2.1]. 
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The weighted spaces LP{E,w) ~ wU'{E) are simply defined as completion of 
Tc{E) by the quasi-norm ||0 \Lp{E,w)\\ := \\w(j) \LP{E)\\. Analog definitions 
give weighted ff^-spaces and weighted Besov spaces 5^^. For the definition of 
(unweighted) Besov spaces see [18, Chap. 2] or Def. 25 and Section A. 3. 

For Sobolev embeddings of spaces of scalar-valued functions, there is the follow- 
ing result of Skrzypczak: 

Theorem 24. [15, Thm. 2 + Cor. 2] Let 1 < Pi,P2, 5i, 92 < oo and si,S2 e R. 
Let w{x) = v{\x\) be a radial admissible weight on M". 

i) Then, the embedding Bpl g^{M",w) ^ Bpl g^{M'^) holds if and only if 

oo 

v{m)~P*a{m) if p* < oo or supw(m)~^ < oo if p* = oo (4) 

m=l 

and 

(I l\(>^ifq* = oo 

si- S2-n{ M ^ n ^ (5) 

\Pi P2J ifq*<oo ' 

.= U-1-) and^-.^U-l-) witha+ = [^^''''^l. 

ii) The embeddings B^i_g^(M",u;) M- B;^_q^(M") and H^l{M,w) M- H^l{M) 
are compact if and only if (4), (5), 



where 



(I l\ n 

s\ — S2 — n\ > — if q* = 00 

\Pi P2J P* 

and 

lim v{m) = 00 if p* = 00 

m— >oo 

hold. 

Strategy of proof. 

1. Define a wavelet frame {V'j} on M. 

2. Define weighted sequence spaces bp ,^{M,p) such that the map 

b;jm, p) ^ bi^{M, p), f^{Xi = if, Vi)} 

is an homeomorphism. Thus, it is sufficient to prove continuity and com- 
pactness on the level of the sequence spaces, where corresponding results 
are known. 

Theorem 24 also holds for a vector bundle E of bounded geometry. With some 
few adaptions which will be discussed in the following the proof can be simply 
overtaken. 

For that we firstly consider trivial C-bundles over R", see Section A. 2, where 
we trace back the (quasi-)norms of function spaces of vector-valued functions 
to the ones of scalar-valued functions. Next, we give the definition of a wavelet 
frame on spaces of manifolds of bounded geometry, see Sect. A. 3. Then, we 
will see that the appearing weighted sequences spaces differ from the ones in 
the scalar-valued case just by a finite summation that does not affect the old 
proof. 
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A. 2 Function spaces on with values in a trivial hermi- 
tian bundle 

Wc start with the case where E is a, trivial C-bundle over the Euchdean space 

W\ 

Let the Schwarz space of all complex-valued rapidly decreasing, infinitely dif- 
fcrcntiablc functions on R" be denoted by 5(R"). If ^ G 5(IR",C''), i.e. (j) = 
{4>i , . . . , 4>r)'^ with 0j € <S(R"), then we denote the Fourier transform by 

The inverse Fourier transform will be denoted by F~^(l) or 
Moreover, let aj be a dyadic resolution of unity defined by: ao £ 5(M") with 
cto{x) = 1 if |x| < 1 and ao(x) = if |x| > |. Let ai{x) = ao(f ) — CiQ{x) 
and ak{x) = a\(2~'^^^x) for x € M" and A; € N. ao is chosen such that 

Definition 25. [17, Sect. 2.3.1] Let s gR and < q < oo. 

LetO <p<oo. The Besov space B^g(R", C) is the collection of all f G 5'(M") 

such that the norm 



\j=o 
is finite. 

For q = oo,we set ||</. | S«^(R",CO|| = sup^- 2'^\\{aj4>y \ Lp(M",C'-)||. 

The goal is to trace back everything to the (quasi-) norms of complex- valued 
functions: 

Lemma 26. 

i) Let f = (/i, ...Jrf G (M", C^ w). Then, 

r 

\\f \LP{W\C^,w)\\^J2\\f^ 

ii) U I Ui IB^.i^'^MW 

Proof, i) We abbreviate both i^'-quasi-norms with ||.||. Whether we mean the 
complex vector valued or just the complex valued function will be clear from 
the context. From ||/|| = l/iH^ || we obtain with 

E 11/^11 < i E l/'l II ^ ^^ikE i/'I')^ii < ^^11 E \m II ^ ^^^E 11/^11 

i i i i i 

the equivalence. Here, the first inequality is obtained from < || || 
for each i, the second is the Cauchy-Schwarz-inequality, the third is obtained 
by X] — (X) \fi\Y ^iid the fourth is the triangle inequality for a quasi-norm 
with constant K > 1. 
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ii) As in i) and due to the unconditional convergence, we get 



1 

\ " r 

i=l \j=0 I 1=0 



Thus, the following properties carry over to vector-valued functions: 



□ 



Remark 27. 

i) The Besov spaces are independent of the dyadic resolution of unity aj [18, 
Sect. 2.3.2]. 

ii) If the Bpg-quasi-norm from above is finite, the sum converges unconditionally 
[19, Thm. 1.19]. 

A. 3 Spaces on manifolds of bounded geometry 

Let {M"',g) be a Riemannian manifold of bounded geometry with hermitian 
vector bundle E of bounded curvature. We choose a synchronous trivialization 
of E, i.e. on a ball of radius e > around p wc choose normal coordinates 
(a;^, . . . , a;"), trivialize E via parallel transport along radial geodesies and iden- 
tify E with C. 

Lemma 28. [2, Lem. 3.1.6] In the synchronous trivialization described above 
the following estimates hold for any e smaller than a certain eo = eo{K := 
max(|i?|, |J?^|),n,inj) and for all q G B^{p): 

\r^j{q)\<C{n)Ke 

l(Vfe<^)(9) - {dkmQ)\ < C{n,r)Ke\ct>{q)\ 

Denote by {Ua,^a} an open cover of M with synchronous trivializations and 
let {kqi} be a smooth subordinated partition of unity. For simplicity, we assume 
that the injectivity radius is greater than 1 and Ua = Bi{xa). 
Then, we define 

a 

where ||..||Hf(E". c) defined in (3). 

Analogously, wc obtain the norms for B^^{E) and F^^(E) in terms of the cor- 
responding spaces on the trivial C-bundle on R". 

Remark 29. From Lemma 28, we see that the norms |M|^p(£) and 
arc equivalent. 

To obtain Theorem 24 on E, we can now just follow the lines of the original 
proof: 

Let E be trivialized as above. Over a coordinate chart we can assume the 
bundle be trivial, see Remark 29. From an orthonormal basis ipi in L^(IR.") 
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we get an orthonormal basis in L^(M",C) as tp^^f. = (0, 0, V'i, 0, 0) 
for k = l,...,r. Thus, we obtain a wavelet frame ^'i^ by requiring that for 
all / e L^iE) it is {f.'Hika) = (Ca*(^a0 o exp^.^), i/'j^), where (,) denote the 
corresponding L^-products. Then, 

\\f \L\E)\\^j2\y.\{f,ii,k.)\ 

Analogously, as in [15, Thm.l] we obtain an equivalent norm for the weighted 
Besov spaces in terms of the weighted L^-products {f,'^ika)w{xa) where Xa 
is the center of Ua- The only difference to the case of scalar- valued functions 
is always the finite summation over k which does not affect continuity and 
compactness. Thus, the proof of [15] simply carries over. 

Thus, Theorem 24 also holds the corresponding spaces on vector bundles of 
bounded geometry and Theorem 21 is then just a special case. 

A. 4 Spin manifolds of bounded geometry 

In this section, we will just note some specialties about Sobolev spaces on spinors 

needed in this article. 

For that, let {M''\g,a) be a Riemannian spin manifold. Choose E = Sg the 
corresponding spinor bundle and let D = Dg he the associated Dirac operator. 

Remark 30. If M has bounded geometry, E = Sg also does and from [2, Sect. 
3.1.3] we see that 

||<^ \H!{M,S)r ~ \D_^ufdY0lg. 

i=0 j times 

Remark 31. Let {M,g,(T) be a spin manifold with bounded geometry. 

i) (Inner L^-estimate, [7, proof of Thm. 8.8 ], spin version [2, proof of Thm. 
3.2.1 and 3.2.3]) Let (p e Hf i^^ be a solution of Dcp = ip for V e ^L- Then, 
for e > (smaller than the injectivity radius) there exists a constant Ce{q) such 
that for all X e M 

\\<P\\h1{B,{x)) < C\{q){\\(f)\\L'>{B,{x)) + W^h'^iBAx))) 

ii) (Imbedding) Let n < q and < 7 < 1 — ^. From a spin version of the proof 
of [7, Sect. 7.8 (Thm 7.26)] we have that for e < inj(M) there exists a c onstan t 
C such that for all a; G M Hf{B^{x)) is continuously embedded in C'^-'' {B^{x)). 

iii) (Schauder estimates) Analogoulsy we have a constant C(e, S) > such that 
for a > 0, V G C';°'" with Dc/) = it holds for all a; e M 

UWc^.-iB^x)) < C{\\(j)\\co{B,+,(x)) + llV'llco."(i3, + ,(a.))- 

Corollary 32. The inner -estimates and the imbedding of Remark 31 hold 

globally on manifold of bounded geometry, i.e. i) There is a constant C > 
such that for cj) G iJf and £ L"^ with Dcp = tJj it holds 

MHi<cmL-. + \mL.). 

a) Let n < q and < 7 < 1 — ^. There exists a constant C such that Hi is 
continuously embedded in C^'t . 
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Proof. The proof is done analogously as in [10, Cor. 21] by choosing a countable 
covering of M by geodesic balls Bi all of radius e < inj(M). Moreover, the 
covering is chosen such that it is of (finite) multiplicity m, i.e. the maximal 
number of subsets with nonempty intersection is m, cf. [15, Sect. 2.1]. □ 

Lemma 33. Let cj) G Hf be a solution of Dcj) = cp'^P\(f>\P^^(f) with \\p"(f)\\p = 1 
forp < Pcrit- Then, limsup|^|^;^ = 0> particular \<j)\ has a maximum. 

The proof is done simultaneously to the corresponding result for the conformal 
Laplacian [10, Lem. 22]. 
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